Abstract. In this paper we give a determinant formula for congruent zeta functions of real Abelian function fields. We also give some examples of congruent zeta functions when the conductor of real Abelian function field is monic irreducible.
Introduction
Let k = F q (T ) be the rational function field over the finite field F q and A = F q [T ] . Let ∞ be the place of k associated to 1/T , which is called the infinite one of k. Write A + = {1 ̸ = M ∈ A : M is monic} and A + irr = {P ∈ A + : P is irreducible}. For any M ∈ A + , write K M for the M th cyclotomic function field and K + M for the maximal real subfield of K M . In this paper, by an Abelian function field, we always mean a finite Abelian extension F of k which is contained in a cyclotyomic function field K M , and F is said to be real if ∞ splits completely in F . Let N = N (F ) ∈ A + be the conductor of F , that is, K N is the smallest cyclotomic function field containing F . For such a field F , there exists a polynomial
where ζ(s, F ) is the congruence zeta function of F , and P F (1) is equal to the divisor class number h F of F . In recent paper [5] , Shiomi has expressed the polynomial P K
(X) can be regarded as generalization of that for class number h
The aim of this paper is to give a determinant formula for the polynomial P F (X) for arbitrary real Abelian function field F . We also give some examples of the polynomials P F (X) when F is a real Abelian function field of monic irreducible conductor and q = 3.
Zeta and L-functions
Let ζ(s, F ) be the congruence zeta function of a real Abelian function field F given by
where p runs over all primes of F . It is well known that there exists a polynomial
, where g is the genus of F , such that
Moreover, the polynomial P F (X) satisfies P F (0) = 1 and
where p runs over all prime ideals of O F . Since ∞ splits completely in F , the functions ζ(s, F ) and ζ(s, O F ) satisfy the following equality
Let X F be the group of primitive Dirichlet characters of A associated to F .
Then we have
Thus, by (2.4) and (2.5), we have
where J F (X) is the polynomial given by
) .
Finally we give some remarks on the polynomial J F (X). They satisfy the following equality (cf. [5, Proposition 3.1])
where f Q is the residue class degree of Q in F/k and g Q is the number of primes over Q in F . Hence we see that J F (X) ∈ Z[X] and in particular, J F (X) = 1 if N is a power of some Q ∈ A + irr .
A determinant formula for P F (X)
Let F be a real Abelian function field with conductor N . Let
for any character λ of F * q . We can easily see that deg N is a function over R N . Let H be the subgroup of R N which is isomorphic to Gal(K
* which are mapped bijectively onto H under the homomorphism
Since {β σ α : σ ∈ Gal(F/k), α ∈ Ω H } forms a complete system of representatives of R N , we can see easily that f σ (X) is independent of the choices of Ω H and β σ . Define a matrix D F (X) by
Theorem 3.1. With notations as above, we have
Thus, by the Frobenius determinant formula, ∏ χ0̸ =χ∈XF
So, by (2.6), we get
Putting X = q −s , we get the desired result. □ Now we assume that F has a monic irreducible conductor P ∈ A
Note that σ
Since F has a monic irreducible conductor P , J F (X) = 1, so we get the following. Table 2 . P F (X) for the real subfield F of K P with P = T 4 + T + 2
